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Abstract Joint sub-carrier phase noise processing is proposed which recovers the SNR penalty related
to decreased sub-carrier baudrate w.r.t. single carrier systems. The method enables digital sub-banding
to be safely employed for nonlinear mitigation for modulation formats of up to 256-QAM.
Introduction
Digital sub-carrier modulation (SCM) has recently
attracted significant attention due to its resilience
to nonlinearities in wavelength division multi-
plexed (WDM) optical fiber systems. Theoreti-
cal predictions with the enhanced Gaussian noise
model1 show that the symbol rate per chan-
nel can be optimized for maximum transmission
reach to between 2 GBd and 10 GBd, also con-
firmed experimentally for up to 16-quadrature am-
plitude modulation (QAM) formats2,3. Recently, it
was suggested that the gains may be significant
also for higher-order modulation formats, e.g. 64-
QAM and 256-QAM assuming nonlinear phase
noise (NLPN) compensation is performed4.
The standard receiver architecture for multi-
carrier (MC) systems performs independent
phase noise processing of each sub-carrier, e.g.
with the simple Viterbi & Viterbi algorithm2, which
is known to be sufficient for QPSK signals. How-
ever, for larger modulation formats, more sophisti-
cated methods are needed to study the nonlinear
tolerance of SCM. Alternatively, data-aided ap-
proaches are required3. Carrier phase recovery
is particularly problematic for MC systems, where
the symbol rate per sub-carrier is smaller and
each sub-carrier is thus more affected by local os-
cillator (LO) phase noise. Joint carrier phase re-
covery was proposed in5 for 16-QAM modulation.
Higher order modulations are covered with the
pilot-aided algorithm6, later extended for multi-
carrier processing7.
In this paper, digital SCM with high-order con-
stellations (up to 256-QAM) is treated, where a
single optical chain is employed at the transmitter
and receiver. An extension of the algorithm from8
is proposed for joint sub-carrier phase recovery.
The proposed algorithm is shown to recover al-
most entirely the penalty of SCM related to the
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Fig. 1: A block diagram of the model for the considered
multi-channel transmission.
above-mentioned reduced sub-carrier baudrate.
Channel model
A standard phase noise channel is considered,
where the LO and transmitter laser are modeled
as Wiener processes. The channel is of the form
yt = xt · ejφt + nt, (1)
where yt and xt are the channel output and in-
put, respectively, nt are additive, white Gaussian
noise (AWGN) samples, φt are the phase noise
samples at times t · Ts and Ts is the sampling pe-
riod (for justification of the model see8). The sam-
ples φt model the combined effect of transmitter
laser and LO, and evolve as
φt = φt−1 + 2 · 2pi∆fTs, (2)
where ∆f is the laser linewidth (assumed equal
at transmitter and receiver). The process noise
variance is defined as γ2Ts = 2 · 2pi∆fTs.
A block diagram of the considered system is
given in Fig. 1. At the transmitter, multiple sub-
carriers are combined by up-sampling and pulse
shaping. The samples xk in each sub-carrier at
time k · T are drawn from a finite-size constella-
tion X , in this paper QAM. The symbol period is
T = m ·Nsc ·Ts, where m is the oversampling fac-
tor and Nsc is the number of sub-carriers. At the
receiver, the sub-carriers are down-converted,
down-sampled to 1 sample per symbol, and sent
for processing. The equivalent channel for NJPsc
jointly processed sub-carriers can be modeled as
a diagonal multiple-input multiple-output (MIMO)
channel of the form
yk = xk · ejθk + nk, (3)
where yk, xk and nk are vectors of length NJPsc .
Similar to the process {φt}, the phase noise {θk}
is modeled as a Wiener process with process
noise variance γ2T = 2 · 2pi∆fT .
Joint sub-carrier phase noise compensation
In8, a low-complexity pilot-based method was
proposed for phase noise processing, which is
able to operate at a low SNR relative to the mod-
ulation format size, e.g. at the 25% and higher
overhead FEC limit. The method, referred to as
the Tikhonov Mixture Model (TMM), was shown
to outperform standard decision-directed meth-
ods, which are penalized due to the increased
symbol error rate at that operating point where
the uncoded BER is ≈ 10−1. The method es-
timates the posterior distributions of the trans-
mitted symbols (also referred to as the posteri-
ors for brevity) p(xk|yK1 ), which are used both
for achievable information rate (AIR) estimation,
but also for the sub-sequent demodulation. Here
(·)K1 represents the sequence from time 1 to
K. The posteriors are estimated by forward and
backward recursions on a factor graph, where
the forward message p(θk|yk−11 ) and backward
message p(yKk+1|θk) are modeled as mixtures of
Tikhonov distributions in θk
p(θk|yk−11 ) =
M∑
m=1
α¯m,kt(w¯m,k; θk),
p(yKk+1|θk) =
N∑
n=1
β¯n,kt(u¯n,k; θk). (4)
In (4), α¯m,k and β¯n,k are mixing coefficients,
t(w; θk) is the Tikhonov distributions of variable θk
with complex parameter w, and M and N are the
number of components in the forward and back-
ward recursions, respectively. Joint sub-carrier
processing requires replacing the scalar math in
the recursions by vector math. The graph mes-
sages remain Tikhonov mixtures in θk, however,
the mixture parameters w¯m,k and u¯n,k are esti-
mated for a single phase noise process but from
multiple sources jointly, leading to an improved
performance. The complete derivations of (4) up-
dated from8 to vector math are omitted for brevity.
Under the model (3), the channel likelihood factor-
izes as p(yk|xk, θk) =
∏
i p(yk(i)|xk(i), θk), where
xk(i) and yk(i) are the input and output symbols
at time k on the i−th sub-carrier, respectively. As-
suming the data on different sub-carriers are in-
dependent, the final posteriors can then be ex-
pressed as
p(xk|yK1 ) = p(xk)
M∑
m=1
α¯m,k
N∑
n=1
β¯n,k×∫ pi
−pi
p(yk|xk, θk)t(u¯n,k; θk)t(w¯m,k; θk)dθk
=
M∑
m=1
α¯m,k
N∑
n=1
β¯n,k
∏
i
p(xk(i))×∫ pi
−pi
p(yk(i)|xk(i), θk)t(u¯n,k; θk)t(w¯m,k; θk)dθk.
The last integral above can be solved in closed
form similarly to the single carrier case8. As
discussed, the TMM algorithm has lower com-
plexity than standard decision directed methods.
The proposed multi-carrier algorithm requires the
same amount of computations as the standard
algorithm applied to each sub-carrier indepen-
dently, and thus there is no added complexity,
which scales linearly with NJPsc .
Results
The proposed method is studied in a standard,
single mode fiber (α = 0.2dB/km, D = 17ps/(nm ·
km), γ = 1.3(W · km)−1) transmission simulated
with the split-step Fourier method. Lumped ampli-
fication with erbium doped fiber amplifiers (noise
figure of 5 dB) is considered with span length of
100 km. For simplicity, single polarization WDM
system is simulated, in which each of the three
simulated WDM channels has 56 GHz bandwidth
divided into Nsc sub-carriers. It was verified in
a linear channel with an ideal laser scenario that
the 0.001 roll-off factor of the pulse-shaping fil-
ters with 50 MHz guardband does not result in
measurable linear inter-sub-carrier interference.
The central channel is evaluated in terms of its
AIR, averaged over all sub-carriers. The AIR
represents the maximum data rate which can be
communicated reliably through the channel and is
measured in bits/QAM symbol in this paper.
The pilot symbols are spread through the sub-
carrier sequences as uniformly as possible as
shown in Fig. 2. The pilots are used by replac-
ing the prior probability with p(xk(i)) = 1 for the
𝑥𝑘(1) pilot QAM symbols pilot
𝑥𝑘(2) QAM symbols pilot QAM symbols pilot
… … …
𝑥𝑘(𝑁𝑠𝑐
𝐽𝑃) QAM symbols pilot
Fig. 2: Pilot spreading illustration.
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Fig. 3: Performance for WDM transmission of SCM and single carrier (SC) systems. Nonlinear gain is achieved for all modulation
formats - 10% for 256-QAM and increased to 15% for 16-QAM, independently of the laser linewidth. The proposed method
achieves additional NLPN compensation gain.
true transmitted symbol on the i−th sub-carrier at
pilot symbol time k, and with p(xk(i)) = 0 for the
rest of the symbols in the alphabet. For all other
symbol positions, p(xk(i)) = 1/|X |. The pilot rate
was optimized to 0.5% and is taken into account
when estimating the AIR. Higher pilot rate allows
for improved phase noise estimation and tracking,
however, it results in increased loss in maximum
AIR, and ultimately worse performance. For com-
parison, in6, 2% pilot rate is used for 256-QAM,
which is not taken into account.
In Fig. 3, the AIR is given as a function of the
distance for 16, 64 and 256-QAM at the optimal
total launch power (≈ 4 dBm and ≈ 5 dBm for
single carrier (SC) and SCM systems, respec-
tively). The number of sub-carriers was optimized
toNsc = 13 at 50 spans and 20 spans for 16-QAM
and 64-QAM, respectively, and to Nsc = 5 at 5
spans for 256-QAM. In the case of insignificant
laser phase noise (∆f = 10 Hz, solid lines), for
16-QAM, between 5 and 10 spans, correspond-
ing to between 10% and 15% can be gained at
short and long distance, respectively. The gain
is slightly increased with joint phase noise pro-
cessing. We attribute this additional gain to im-
proved NLPN compensation, which was also pre-
viously demonstrated for the basic TMM algo-
rithm9. The additional gain for joint processing
also suggests that the NLPN is correlated across
sub-carriers, which is exploited with the proposed
joint TMM algorithm. The gains are preserved
when non-ideal lasers are employed (∆f = 100
kHz, dashed lines) regardless of the target AIR,
whereas for independent sub-carrier processing,
the nonlinear tolerance gains of SCM are masked
by the loss, originating in poorer laser phase
noise compensation. Joint phase noise process-
ing enables around 2 spans of gain for 64-QAM
and less than a span for 256-QAM regardless
of the laser linewidth. The gains are generally
smaller than the 16-QAM gains from Fig. 3(a) due
to the shorter distance and correspond to ≈ 10%
of reach.
Conclusions
An algorithm was proposed for joint sub-carrier
phase noise compensation operating at no addi-
tional complexity and insignificant penalty due to
the reduced sub-carrier baudrate. The proposed
algorithm allows for digital sub-carrier modulation
to be safely employed for non-linear noise miti-
gation in WDM systems operating with high-order
QAM.
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